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Abstraet-The vibration analysis of plates using the multivariable spline element method is presented
in this paper. The spline functions are applied to construct hcnding moments. twisting moments
and transverse displacement tleld functions. The spline equations of eigenvalue problems with
multiple variables of vibration of plates are derived based on the Hellinger·-Reissner mixed vari
ational principle. For simplicity. the boundary conditions which c(,"sist ofthrt:e local spline points
arc ;mlended to fit any spt.'Cilicd boundary conditions. Several numerical solutions of plate vibration
analysis are presented which illustrate the accuracy and con"ergence of the method.

INTRODUCTION

The spline finite dement method has been developed in the last 10 years. Antes (1974) and
Shih (1979) presented bicubic splines as displacement functions for plate bending problems.
Mizusawa ci al. (1979) used the bicubic spline functions to solve the vibration and buckling
problems for skew plates. Shen ('( al. (191<7). Shen and Wang (191<9) and Shen and Huang
(1990) extended the spline clement method for analysing static. dynamic vihration and
stability of stifl'ened plate and shell problems. The spline clement method with a single
variable for analysing plates and shells has fewer unknowns. a high degree of accuracy and
C,1Il be easily programmed. so it was successfully used to analyse certain types of structures
with a regular shape on a microcomputer.

Based on the development of the finile c1emenl method. the mixed linite clement
method whidl is applied to the phtte and the plane stress-strain problems is presented in
Herrmann (1967) and Mir/.a and Olson (191<0). A kind of multivariable spline clement
method fix analysing plale bending problems has been presented by Shen and Kan (1991).
In the present study. bicubic B splines have been used to construct the bending moments.
the twisting moments and the transverse displacement field functions in the analysis of thc
vibration of platcs. The splinc clement vibration cigenvalue equations arc derived based on
the Hcllinger-Reissner mixed variational principle. To demonstrate the accuracy of this
method. several numerical examples arc given. The proposed multivariable spline element
method is comp:tred with other numerical methods. It is shown to be quite effective for the
solution of the vibration of plate problems.

SPLINE INTERI10LATE FUNCTIONS AND FJELD FUNCTIONS

In the mulliv:triablc spline finite clement method. the bending moments. the twisting
moments and the transverse displacement are all chosen as ficld functions. The field func
tions of the plate arc defined in lhe form of the Kronecker product of two B cubic spline
functions:

where

$AS Z9:24-0

{
M'} [L<l>(X)j~L<I)(y)j 0 ]{{A}}

{An = ,H. = 0 L<I>(x)jEBLcl>(y)J {B} .

iH" Lcl>(x)J EB L<I>( y)J {q

II' = Lcl)(x)j ~ Let>(y)j {D }.

(I)

(2)
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ii, = {a_ l,aO,al$ ... au'" av .. L,]' (s = - I. 0, l. .... M. M + I). (5)

EB = Kronecker product of two matrices, i.e. [Aj EB [8] = (a,}[8]).

The parameter vectors {A}. {8}, {C} and {D} are all constants which are to be deter
minated. Parameter vectors {8}. {C} and {D} are similar to parameter vector (A:·. The
basis of the splines can be written as follows:

When N ~ 4

(x) (x)cPll(X) = CfJ~ Ii -4CfJJ Ii + I .

(
X ) I (x) (x )ePl(X) = CPI ,; -I - ~cp~ II +CfJ~ ,,+ I .

(
.I: )cps 1(.1:) = (P., ,,- N + 2 ,

(p,.,(X) = (PJ(~ -N)-4CfJ .lU -N-I),

ePv+ 1(x) = (P J0-N - I). (6)

The figures of splines CfJJ(.I:), CfJ3«x!")-i), (/>,(x). (i= -I,O,I, ... ,N+I) arc shown in
Figs I, 2 and 3 where.

(.I:-Xi _1),1 Xi. ~ ~ X ~ X,. I

,,3+3,,1(X_X; 1)+3"(x-x, 1)1-3(x-x; d' x, I ~x~x,

",1+3,,1(X;'I-X)+3h(x;+I-X)~-3(x"I-X)' X, ~ X ~ .1:,.1

(X"1-X)~ X,.I ~X~X... 1

(7)

o

In order to be simplified for the treatment of boundary conditions, for N ~ 4, the
linear combination of splines has been constructed for the first three splines and the last
three splines which are shown in Fig. 3.

At the left-hand point. x = O. we have
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4>,(0)=0, (i#- -I),

4>;(0) =0, (i#- -1.0).

At the right-hand point. x = a. we have

4>;(a) = O. (i #- N+ I),

4>; (a) =0. (i#-N.N+I).

MIXED VARIATIONAL PRINCIPLE OF THIN PLATE

The mixed variational principle of thin plates is given by H u (1981) :

(8)

C I-on fixed edges,
(711'

II' = 11'-- = (P
, (1" '

c, --on free edges.

C2-on simply-supported edges, II' = II', M" = M".

_ DA/",\'
M" = M", ~ +Q" = (I.

(',\'

In the ease of homogeneous boundary conditions, the mixed functional for vibration
problems becomes as follows:

where

{M} = [M, M.. M"I'.

{;{} = [- W,xx -II', .. " - 211'.." .. ]"

( 10)

(I I)

(12)

If/-mass density of plate. A-vibration eigenvalue of plate. If we take the moments and
displacements as variations to the mixed functional and make the variation of n 2 equal to
zero, i.e. e5n 2 = 0, we can obtain the equations including the equations of equilibrium.
boundary and geometry of the plate.

MULTIVARIABLE SPLINE VIBRATION EIGENMODE EQUATION OF PLATE

The bending moments. twisting moments and transverse displacements used as field
variables and the bicubic BJ spline functions are used to construct the field functions with
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multiple variables. Taking eqns (I) and (2) and substituting them into eqn (9) and applying
the mixed energy principle, we have

which yields

where

en~ {l cn~ {l on! { an,
etA} = 0,., e{B} = 0,.. o{C} = OJ. o{D'} = {O},

I
{A}) IfA})[F] [H] {B} _ [0] [0] {B}

tIHJ' I [OJ j {e} - trOJ l[MJj {e} ,

{D} {D}

( 13)

(14)

Symm.

12Jt [KOO] ® [K OO ]
Et J < ..

_ 12_ [KOII] ® [K"fI]
E,)' .\

o

o

24(1 +/J) 00 00- -----.-- [K ] ® [K. ]
Et.l' -'

( 15)

where

f"[Klj] = [<l>i (xW[<}>J (x)} dx, (x = x, y), (i, j = O. 1.2).

"

(16)

(17)

(18)

The matrices [Ki!J (x = x. y; i. j = O. 1,2) can be found in Shen and Wang (1986). From
eqn (14) we have the eigenvalue mode vector equation of the vibration analysis of plates
in the following form:

([H]r[F] -1[H] -;.[M]){D} = {OJ. (19)

In eqn (19), the kinematic boundary conditions are easily treated just like the finite element
method, but they do not relate to the displacements. only to the spline node parameters.

NUMERICAL EXAMPLES

Generally, by using refined meshes of spline knots and higher order splines. we can
obtain better approximate solutions using the multivariable spline element method.
However. the spline functions with more knots and higher order splines can accelerate the
convergence for numerical results. but more variables are involved which leads to excessive
CPU time. so that it is not suitable for practical computations. Based on our experience,
using the bicubic splines and meshes of 4 x 4. 6 x 6. 8 x 8, 10 x 10 will provide enough
precision in numerical calculations.

Numerical examples were performed on a VAX-II /780 minicomputer. The proposed
method can be used to solve the vibration eigenvalue problems of plates. In the first example,
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Table I. Frequencies of simply-supported plate

m.n Meshes M.5.E.M. Warburton (1954)

WI.I 8x8 1'1.73381 19.74
(!J~.I 8x8 .N34739 49.35
{~1.1 8><8 78.95469 78.95
(.'J-:. ~ 8><8 98.70766 98.64

2·

(!) = 7:·(I;L')(D!nlt)' '.
Il = 0.3.
M.S.E.M.-Multivariable Spline Element Method.

Table 2. Frequencies of plate with simply-supported edges for different
meshes

J\kshes
4><4
6><6
8><8

19.73923
19.73886
19.73381
19.74

49.38513
4934992
49.34739
49.35

79.01062
78.95966
78.95649
78.95

100.75174
98.79032
98.70766
98.64

• Warburton (1954).

T'lble 3. rrequellCies of plate with ti.,ed edges for different meshes

Meshes
4><4
6x6
XxX

3601731
35.99366
35.98793
35.99

7.1. 74091
7.1.43199
7.l.40506
7.1.41

1OlUl2559
108.32K96
IOK.25762
108.3

1J4.593K6
1J2.00426
IJ 1.64781
IJ 1.6

• Blevins (1979).

Table 4. Frequelu;ies of plate with two opposite edges simply supported and other edges fixed for
difli:rent meshes

Meshes
4><4 2K.95979 54.K6541 69.59309 94.90040 104.3K136 131.9lJ736
6><6 28.95244 54.76415 69.33943 94.62939 102.36386 129.46341
K><8 2K.950.10 54.747X5 6'1.321151 94.59936 1ll2.24642 129.13942

28.95 54.74 69.32 94.59 1ll2.2

• Blevins (1979).

Table 5. rrequendes of phrte with one edge tixed and other three edges simply supported for
different meshes

Present Meshes
method

4><4 23.65015 51.74423 5K.74947 86.211145 102.36620
6x6 23.646511 51.68347 5K.65156 115.159911 100.31153I
llx8 23.64513 51.67347 511.64604 K6.14058 loo.2!l543

23.64 51.67 5X.65 X6.13 100.3

• Blevins (1979).

simply supported with four edges is a square plate: the second example is also a square
plate with four fixed edges: the third and fourth examples are square plates with two
opposite edges simply supported and the other edges fixed.

The numerical results of the vibration analysis for the plates are shown in the tables.
In Table I, the vibration frequencies are shown for a square plate with simply-supported
edges. In Table 2. the vibration frequencies for the meshes are shown. The results rapidly
converge to the exact solution. The lowest frequencies of different supported plates are
shown in Table 6.
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Table 6. Lowest frequencies of thin plate

Plate Meshes M.S.E.M. Warburton (1954)

SSSS 4x4 19.73923 19.74
6x6 19.73886
8x8 19.73381

FFFF 4x4 36.01731 35.99
6x6 35.99366
8x8 35.98793

SFSF 4x4 28.95979 28.95
6x6 28.95244
8x8 2895030

SSSF 4x4 23.65015 23.65+
6x6 23.64658
8x8 23.64513

3295

S-Simply-supported edge.
F-Fixed edge.
t R. D. Blevins (1979).

CONCLUSIONS

Bicubic splinc functions are used to construct moments. twisting moments and dis
placements as field variables for the analysis of plate vibrations in this paper. Multivariate
spline eigenvalue equations are derived based on the Hellinger-Reissner mixed energy
principle. The present results demonstrate the good convergcncc charucteristics of the
multivariablc spline element method. The spline functions also havc the desired properties
associated with piecewise polynomials so that the present method has a high degree of
accuracy for the vibration analysis of plates.
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